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Index of Dirac operators and classification of topological insulators
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Real and complex Clifford bundles and Dirac operators defined on them are considered. By using
the index theorems of Dirac operators, table of topological invariants is constructed from the Clifford
chessboard. Through the relations between K-theory groups, Grothendieck groups and symmetric
spaces, the periodic table of topological insulators and superconductors is obtained. This gives the
result that the periodic table of real and complex topological phases is originated from the Clifford
chessboard and index theorems.
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I. INTRODUCTION
The recent discovery of new topological phases of matter has extended the connections between condensed matter
physics and topology [1–4]. The prominent examples of topological phases are topological insulators and they corre-
spond to bulk insulating and edge conducting materials. Topology of the bulk implies the edge conductivity and this
differentiates topological insulators from trivial insulators. Besides the classical integer quantum Hall effect, Chern
insulators and quantum spin Hall effect are also realized experimentally as examples of topological insulators [5, 6].
Moreover, topological superconductors can also be described as bulk insulating and edge conducting materials that
exemplifies the topological phases of matter [4]. This bulk/edge correspondence in topological materials is a manifes-
tation of the holography principle in condensed matter physics. The existence of topological phases depends on the
symmetries of the Hamiltonian and the time-reversal (T) and charge conjugation (C) symmetries play prominent roles
in the classification of topological materials. Topological insulators and superconductors can be characterized by the
relevant topological invariants defined from the eigenstates of the corresponding Hamiltonians. There are two types
of topological materials depending on the group that the topological invariants take values which are Z-insulators
(Chern insulators) and Z2-insulators. Z-invariants are generally characterized by Chern numbers or winding numbers
defined from the Berry curvature of the system and Z2-invariants correspond to Kane-Mele invariants or Chern-Simons
invariants [7, 8].
Classification of topological phases in different dimensions and symmetry classes has been obtained by using Clifford
algebras and K-theory [9–15]. Because of the Bott periodicity of K-groups, the topological phases can be described
by a finite periodic table. The rows of the table correspond to the ten different symmetry classes of Hamiltonians
which are classified in [16] and the columns describe different dimensions. The periodic table of topological insulators
and superconductors shows that there are five different topological symmetry classes in each dimension and three of
them are Z-insulators and two of them are Z2-insulators. Since the symmetry classes of Hamiltonians can be related
to Cartan symmetric spaces, the periodic table can be divided into two parts that characterize the complex and real
classes separately. Besides Clifford algebras and K-theory, the periodic table can also be obtained by analyzing the
stability of gapless boundary states against perturbations or by the dimensional reduction method of massive Dirac
Hamiltonians [10]. Although the relations between Clifford algebras, K-groups and topological phases are known, the
origin of the periodic table in mathematical terms is not discussed extensively in the literature.
In this paper, we show that the periodic table of topological insulators and superconductors can be obtained directly
from the Clifford chessboard of Clifford algebras and the index theorems of Dirac operators. We start by turning the
Clifford chessboard to the table of Clifford bundles and defining relevant Dirac operators on these bundles. Index
theorems for Dirac operators relates the analytic index to the topological index [17–19] and we find the table of indices
of Dirac operators in that way. From the relations between index theorems, K-theory groups, Grothendieck groups
of Clifford algebra representations and symmetric spaces, we obtain the periodic table of topological phases for all
dimensions and symmetry classes. These steps are applied both to real and complex classes separately. Instead of
starting with the symmetry classes of free-fermion Hamiltonians and obtaining the topological classes by using Clifford
algebras and K-theory which is done in the literature [9, 11, 12, 20], we start from the Clifford chessboard and find
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2the symmetry classes of Hamiltonians and topological phases by using the index theorems of Dirac operators. This
approach gives the different topological classes in all dimensions and relates the topological invariants in these classes
with the indices of Dirac operators.
The paper is organized as follows. In Section 2, the mathematical concepts discussed in the subsequent sections
are connected to the properties of the physical systems that describe topological materials. Section 3 includes the
periodicity relations of Clifford algebras and the construction of the Clifford chessboard. In Section 4, we obtain the
periodic table of real topological phases by starting with the table of Clifford bundles and by using the index theorems
of Dirac operators and relations with K-groups, Grothendieck groups and symmetric spaces. Section 5 deals with
the problem of obtaining the periodic table of complex topological phases with the methods discussed in Section 4.
Section 6 concludes the paper.
II. DIRAC HAMILTONIANS OF TOPOLOGICAL MATERIALS
In this section, the mathematical concepts used in the subsequent sections to obtain the classification table of
topological insulators are connected to the properties of real physical systems via their Hamiltonians and eigenstates.
The free-fermion Hamiltonians are classified in ten different symmetry classes depending on the existence or non-
existence of anti-unitary symmetries such as time-reversal and charge-conjugation [16]. These so-called Cartan classes
represent the defining Hamiltonians of free-fermion systems. The low energy effective Hamiltonians of topological
insulators and superconductors in all dimensions and symmetry classes are characterized by Dirac-like Hamiltonians.
They can be written generally in terms of the momentum variables k in the following form [15, 21]
H(k) = d(k).σ (1)
where d(k) denotes the functions written in terms of k and σ are Clifford algebra generators in relevant dimensions.
For example, the two dimensional Haldane model of graphene [1], which is a Chern insulator characterized by a Z
topological invariant, has the following Bloch Hamiltonian
H(k) =
3∑
i=1
{
2t2 cos(φ) cos(k.bi)σ0 + t1 [cos(k.ai)σ1 + sin(k.ai)σ2] +
[
M
3
− 2t2 sin(φ) sin(k.bi)
]
σ3
}
(2)
where t1 and t2 are nearest neighbour and next nearest neighbour hopping parameters, φ is the Haldane phase and
ai and bi are nearest neighbour and next nearest neighbour displacement vectors. M is the on-site energy and σi are
Pauli matrices that satisfy the Clifford algebra relations. At the low energy limit around theK point, this Hamiltonian
reduces to the following continuum limit
H(K) = −3t2 cos(φ)σ0 + 3
2
t1 (κ2σ1 − κ1σ2) +
(
M − 3
√
3t2 sin(φ)
)
σ3 (3)
where κi are the momentum space Pauli matrices. This Hamiltonian is in the form of a Dirac Hamiltonian which
corresponds to a Dirac operator written in terms of the Clifford algebra basis σi. Similarly, the two-dimensional time-
reversal invariant Z2 insulator which is characterized by the Kane-Mele model [2] has the following form of Bloch
Hamiltonian
H(k) =
5∑
i=1
di(k)Γi +
5∑
i<j=1
dij(k)Γij (4)
where Γi and Γij =
1
2i [Γi,Γj] are Clifford algebra generators which are defined in terms of sublattice Pauli matrices
σi and spin Pauli matrices si as follows
Γ1,2,3,4,5 = (σ1 ⊗ s0, σ3 ⊗ s0, σ2 ⊗ s1, σ2 ⊗ s2, σ2 ⊗ s3) . (5)
The functions di(k) and dij(k) are given by
d1(k) = t
[
1 + 2 cos
(
kx
2
)
cos
(√
3ky
2
)]
d2(k) = M
3d3(k) = λR
[
1− cos
(
kx
2
)
cos
(√
3ky
2
)]
d4(k) = −
√
3λR sin
(
kx
2
)
sin
(√
3ky
2
)
(6)
d12(k) = −2t cos
(
kx
2
)
sin
(√
3ky
2
)
d15(k) = λSO
[
2 sin(kx)− 4 sin
(
kx
2
)
cos
(√
3ky
2
)]
d23(k) = −λR cos
(
kx
2
)
sin
(√
3ky
2
)
d24(k) =
√
3λR sin
(
kx
2
)
cos
(√
3ky
2
)
where t is the nearest neighbour hopping parameter and λSO and λR are spin-orbit and Rashba coupling parameters,
respectively. One can easily see that the continuum limit of Hamiltonian (4) corresponds to a sum of two Haldane
model Dirac Hamiltonians with different spins. So, we again have a corresponding Dirac operator written in terms of
the Clifford algebra basis given in (5). It is also known that the three-dimensional models that describe topological
materials again have effective Dirac Hamiltonians written in terms of relevant Clifford algebra basis. Indeed, effective
Dirac Hamiltonians are characteristic properties of physical systems that correspond to topological insulators and
superconductors in all dimensions [22]. Although the real physical systems arise in two and three dimensions, the
mathematical structures describing Dirac Hamiltonians and topological materials can be generalized to all higher
dimensional systems. Depending on the symmetry classes of physical models determined by the existence or non-
existence of anti-unitary symmetries such as time-reversal, charge conjugation and chiral symmetries, the Clifford
algebra generators appearing in the effective Dirac Hamiltonians can be positive or negative generators of the algebra.
So, the symmetry properties of the Hamiltonians determine the properties of the Clifford algebra generators. On the
other hand, the eight-fold periodicity of real Clifford algebras and the two-fold periodicity of complex Clifford algebras
which are given in (16) simplify the dimensional pattern of Dirac Hamiltonians for higher dimensional topological
materials. This means that in real class topological materials, the symmetry properties of Dirac Hamiltonians for
different dimensions and symmetry classes repeat itself after eight dimensions. Similarly, for complex class topological
materials, the properties of Dirac Hamiltonians repeat itself after two dimensions. Namely, the properties of all higher
dimensional models of topological materials can be deduced from the lower dimensional systems.
In condensed matter systems, the electronic states are described by Bloch wave functions. So, the eigenvalue
equation for the above Hamiltonians can be written as
H(k)un(k) = En(k)un(k) (7)
where En(k) are n eigenvalues corresponding to n eigenstates un(k). Indeed, un(k) correspond to the sections of
a rank n Hilbert bundle E → B which is called Bloch bundle over the Brillouin zone B of the system. Since the
Hamiltonians are constructed from the Clifford algebra generators, un(k) are elements of the representation space
of Clifford algebras. Thus, the bundle E corresponding to the bundle of eigenstates of the Hamiltonian is in fact a
Dirac bundle which is a bundle corresponding to a left module of the Clifford algebra as defined in Section 4.A and
the Dirac Hamiltonians of topological materials correspond to the Dirac operators on this bundle. Moreover, the
anti-unitary symmetries that define the symmetry classes of Dirac Hamiltonians play the role of Clk-actions that are
defined in Section 4.A. So, the Dirac bundles and Dirac operators defined in sections 4.A and 4.B correspond to these
physical structures defined for topological materials in real classes and similarly the Dirac operators defined in section
5 correspond to complex class topological materials.
Index structure of Dirac-like Hamiltonians that appear in topological materials is compatible with the index theo-
rems of Dirac operators. For some special cases in low dimensions, it is shown that indices of Dirac-like Hamiltonians
correspond to topological invariants that characterize non-trivial topological classes of topological insulators and
superconductors [23]. The analysis in section 4.C gives a general relation between the indices of Dirac operators
corresponding to Dirac Hamiltonians of topological materials and the topological invariants of topological insulators
and superconductors in all dimensions and symmetry classes. Z-class topological invariants which are Chern and
winding numbers and Z2-class topological invariants that are Kane-Mele and Chern-Simons invariants naturally arise
from the indices of Dirac operators defined in (22) and (29). So, the analysis gives correct periodic table of topological
4materials and shows that the topological invariants characterizing the topological classes come from the indices of
the representing Dirac operators in all cases. In addition, it also shows that the classification and periodic table of
topological materials are originated from the Clifford algebras that are used in the construction of Dirac Hamiltonians
of these materials.
Adding energy levels which do not cross the Fermi energy to the system defined in (1) does not give a non-trivial
topological structure. Namely, adding topologically trivial bands to the Bloch bundle does not change the topological
class of the system. So, for the Bloch bundle E, we have an equivalence of bundles
E ⊕ Fn ∼= E ⊕Gm (8)
where Fn and Gm are n-dimensional and m-dimensional trivial bundles, respectively. This is the definition of the
stable equivalence of bundles and stably equivalent bundles are classified by K-theory. So, KO-groups and K-groups
appearing in the analysis of sections 4.D and 5 are related to the Bloch bundles defined on the Brillouin zones of
topological materials. They show the stable equivalence classes of these Bloch bundles in different dimensions and
symmetry classes. However, there are two different cases for the Brillouin zones of topological materials; periodic
lattices and continuum models. The Brillouin zones of periodic lattices are described by d-dimensional torus T d and for
the continuum models they correspond to d-dimensional spheres Sd [14]. Continuum models are effective low energy
large distance theories and as is stated above that the Dirac-like Hamiltonians are low energy effective Hamiltonians
of topological materials. For large k, the energy bands generally have a trivial topological structure and by taking
a one-point compactification at k → ∞, the Brillouin zone of the model has the topology of Sd. Since the analysis
of K-theory groups in the paper is based on the bundles over Sd, they only correspond to the continuum models of
topological materials. Classification scheme for periodic lattices is more complicated and may give a different periodic
table from the one in the paper since the calculation of K-theory groups of T d can give different results than for Sd.
Indeed, the K-groups of T d can be written as direct sums of K-groups of Sd as is given in [9] and they characterize
the so-called weak topological insulators. On the other hand, the continuum models and K-groups of Sd determine
the topological classes of strong topological insulators.
III. CLIFFORD ALGEBRAS AND PERIODICITY RELATIONS
On a vector space V with a quadratic form q, the Clifford algebra Cl(V, q) is generated by V with the multiplication
rule
x.y + y.x = −2q(x, y) (9)
for x, y ∈ V . If we take the vector space V = Rp+q with the quadratic form Q(x) = q(x, x) which is given by
Q(x) = x21 + ...+ x
2
p − x2p+1 − ...− x2p+q (10)
then we denote the Clifford algebra on Rp+q as Clp,q ≡ Cl(Rp+q, Q) and it is generated by p negative and q positive
generators. In particular, if we consider any Q-orthonormal bases {e1, ...ep+q} of Rp+q, then Clp,q is generated by
e1, ..., ep+q that satisfy the following relation
ei.ej + ej.ei =
{ −2δij, for i ≤ p
+2δij, for i > p
(11)
The dimension of the Clifford algebra Clp,q for p+ q = n is equal to 2
n. As special cases, we denote
Cln ≡ Cln,0
Cl∗n ≡ Cl0,n (12)
for the Clifford algebras with only negative and only positive generators, respectively. An automorphism η : Clp,q →
Clp,q can be defined on Clp,q that gives the Z2-grading of the Clifford algebra; Clp,q = Cl
0
p,q⊕Cl1p,q. This corresponds
to the superalgebra structure of the Clifford algebras and the even part Cl0p,q constitute a subalgebra structure. There
is an algebra isomorphism between Clifford algebras and their even subalgebras which is written as
Clp,q ∼= Cl0p+1,q
Cln ∼= Cl0n+1 (13)
5Other isomorphisms for Clifford algebras are [24]
Clp,q ∼= Clp−4,q+4
Clp,q+1 ∼= Clq,p+1 (14)
Moreover, some tensor product isomorphisms of Clifford algebras can also be stated as follows [24]
Clp,q+2 ∼= Clq,p ⊗ Cl0,2
Clp+2,q ∼= Clq,p ⊗ Cl2,0 (15)
Clp+1,q+1 ∼= Clp,q ⊗ Cl1,1
On the other hand, if we choose V = Cp+q, then we can define the complex Clifford algebras as the complexification
of real Clifford algebras with complex quadratic form; Clp,q ≡ Clp,q ⊗R C ∼= Cl(Cp+q, Q ⊗ C). Since there is no
distinction between positive and negative generators in the complex case, we can simply denote the complex Clifford
algebras as Cln. The structure of real and complex Clifford algebras can be obtained from the following periodicity
relations [24, 25]
Clp+8,q ∼= Clp,q ⊗ Cl8,0
Clp,q+8 ∼= Clp,q ⊗ Cl0,8 (16)
Cln+2 ∼= Cln ⊗C Cl2
As can be seen from the above isomorphisms, while the real Clifford algebras have eight-fold periodicity, the complex
Clifford algebras have two-fold periodicity. Indeed, Clifford algebras correspond to simple or semi-simple matrix
algebras constructed from the division algebras R, C and H. From a simple observation of the Clifford algebra relation
(11) satisfied by the generators of the Clifford algebra, the lower dimensional Clifford algebras can be obtained in
terms of division algebras as follows
Cl1,0 ∼= C
Cl0,1 ∼= R⊕ R
Cl1,1 ∼= R(2)
Cl2,0 ∼= H
Cl0,2 ∼= R(2)
where R(2) denotes the 2×2 matrix algebra with real elements. These basic Clifford algebras and the periodicity
relations in (14), (15) and (16) determine the corresponding division algebras of higher dimensional Clifford algebras
as in the following table [25]
q − p(mod 8) Clp,q
0, 2 R(2(p+q)/2)
3, 7 C(2(p+q−1)/2)
4, 6 H(2(p+q−2)/2)
1 R(2(p+q−1)/2)⊕ R(2(p+q−1)/2)
5 H(2(p+q−3)/2)⊕H(2(p+q−3)/2)
n(mod 2) Cln
0 C(2n/2)
1 C(2(n−1)/2)⊕ C(2(n−1)/2)
where R(2n), C(2n) and H(2n) denotes the 2n × 2n matrix algebras that take values in R, C and H, respectively.
Especially, we can write the Clifford algebras Cl∗n and Cln as follows
n 0 1 2 3 4 5 6 7
Cl∗n R R⊕ R R(2) C(2) H(2) H(2)⊕H(2) H(4) C(8)
Cln C C⊕ C C(2) C(2)⊕ C(2) C(4) C(4)⊕ C(4) C(8) C(8)⊕ C(8)
6From the considerations given above, one can construct a table of Clifford algebras which is called the Clifford
chessboard in the following way
Cln,s n = 0 1 2 3 4 5 6 7
s = 0 R C H H⊕H H(2) C(4) R(8) R(8)⊕ R(8)
1 R⊕ R R(2) C(2) H(2) H(2)⊕H(2) H(4) C(8) R(16)
2 R(2) R(2)⊕ R(2) R(4) C(4) H(4) H(4)⊕ H(4) H(8) C(16)
3 C(2) R(4) R(4)⊕ R(4) R(8) C(8) H(8) H(8)⊕H(8) H(16)
4 H(2) C(4) R(8) R(8)⊕ R(8) R(16) C(16) H(16) H(16)⊕H(16)
5 H(2)⊕H(2) H(4) C(8) R(16) R(16)⊕ R(16) R(32) C(32) H(32)
6 H(4) H(4)⊕H(4) H(8) C(16) R(32) R(32)⊕ R(32) R(64) C(64)
7 C(8) H(8) H(8)⊕H(8) H(16) C(32) R(64) R(64)⊕ R(64) R(128)
IV. REAL CLIFFORD BUNDLES AND REAL CLASSES OF PERIODIC TABLE
In this section, we consider vector bundles whose fibres correspond to the real Clifford algebras. By considering
Dirac operators and index theorems, we will obtain the periodic table of real classes in the classification of topological
insulators and superconductors in several steps.
A. Clk-bundles and table of Cl
∗
s−n
On a manifold M , the Clifford bundle Cl(E) is defined as the bundle of Clifford algebras over M . If the fibers
correspond to the real Clifford algebras, then we call it the real Clifford bundle. The algebra structure of the space
of sections of Cl(E) arises from the fibrewise multiplication in Cl(E). Moreover, a Dirac bundle over M is a bundle
S of left modules of Cl(M) with a Riemannian metric and a connection on it where Cl(M) is the Clifford algebra
defined on M . A special case of a Dirac bundle is the spinor bundle over M whose fibres correspond to the spinor
spaces as left modules of Cl(M).
The Clifford algebra Clk denotes the real Clifford algebra with k negative generators as defined in Section 3. A
Clk-Dirac bundle over M is a real Dirac bundle S over M with a right action Clk →֒ Aut(S) which is parallel and
commutes with multiplication by the elements of Cl(M). So, a Clk-Dirac bundle is a Dirac bundle with an extra
multiplication by Clk. Because of the Z2-grading property of Clk, the Clk-Dirac bundle also carry a Z2-grading
S = S0 ⊕ S1 with a Z2-grading for the Clk-action. Similarly, one can define Cl∗k -Dirac bundles from the definition
(4) whose fibres correspond to the left modules of Clifford algebras with k positive generators.
Let us consider Cl∗k-Dirac bundles. Since the real Clifford algebras have eight-fold periodicity as stated in (16),
it is enough to consider Cl∗k(mod 8). We can construct a square table of 8 × 8 entries whose elements correspond to
Cl∗s−n(mod 8) -Dirac bundles where s, n = 0, 1, ..., 7
Cl∗s−n(mod 8) n = 0 1 2 3 4 5 6 7
s = 0 Cl∗0 Cl
∗
7 Cl
∗
6 Cl
∗
5 Cl
∗
4 Cl
∗
3 Cl
∗
2 Cl
∗
1
1 Cl∗1 Cl
∗
0 Cl
∗
7 Cl
∗
6 Cl
∗
5 Cl
∗
4 Cl
∗
3 Cl
∗
2
2 Cl∗2 Cl
∗
1 Cl
∗
0 Cl
∗
7 Cl
∗
6 Cl
∗
5 Cl
∗
4 Cl
∗
3
3 Cl∗3 Cl
∗
2 Cl
∗
1 Cl
∗
0 Cl
∗
7 Cl
∗
6 Cl
∗
5 Cl
∗
4
4 Cl∗4 Cl
∗
3 Cl
∗
2 Cl
∗
1 Cl
∗
0 Cl
∗
7 Cl
∗
6 Cl
∗
5
5 Cl∗5 Cl
∗
4 Cl
∗
3 Cl
∗
2 Cl
∗
1 Cl
∗
0 Cl
∗
7 Cl
∗
6
6 Cl∗6 Cl
∗
5 Cl
∗
4 Cl
∗
3 Cl
∗
2 Cl
∗
1 Cl
∗
0 Cl
∗
7
7 Cl∗7 Cl
∗
6 Cl
∗
5 Cl
∗
4 Cl
∗
3 Cl
∗
2 Cl
∗
1 Cl
∗
0
7The table can be extended to bigger values of s and n, however, it repeats the pattern because of the eight-fold
periodicity. Moreover, it is equivalent to the table of Clifford chessboard because of the following isomorphism
Cln,s ∼= Cl∗s−n(mod 8).
So, we obtain the table of Cl∗s−n(mod 8) -Dirac bundles from the Clifford chessboard of Clifford algebras.
B. Clk-Dirac operators
On a Dirac bundle S on M with sections Γ(S), a first-order differential operator D : Γ(S) −→ Γ(S) called Dirac
operator can be defined. For the frame basis {Xa} and co-frame basis {ea}, the Dirac operator can be written in
terms of the connection ∇ and local coordinates as
D = ea.∇Xa (17)
where . denotes the Clifford product. On a Riemannian manifold M , the Dirac operator of any Dirac bundle is
self-adjoint. If the Dirac bundle is Z2-graded S = S
0 ⊕ S1, then the Dirac operator can be written in the form
D =
(
0 D1
D0 0
)
(18)
where D0 : Γ(S0) −→ Γ(S1) and D1 : Γ(S1) −→ Γ(S0). Since D is self-adjoint, D0 and D1 are adjoints of each other
and the index of D0 is written as
ind(D0) = dim(ker D0)− dim(ker D1) (19)
where ker D0 denotes the kernel of D0.
For Clk-Dirac bundles, we denote the Dirac operator as 6Dk and it commutes with the Clk-action which means that
it is a Clk-linear operator. If the bundle is Z2-graded, then the Clk-Dirac operator is
6Dk =
(
0 6D1k
6D0k 0
)
(20)
The index of the Clk-Dirac operator is given by
ind 6D0k = dim(ker 6D0k)− dim(ker 6D1k) (21)
The constructions for Cl∗k-Dirac bundles are similar. By defining Cl
∗
k-Dirac operators on Cl
∗
k-Dirac bundles, we can
construct the table of Cl∗s−n-Dirac operators from the table of Cl
∗
s−n-bundles defined in subsection 4.A as follows
6Ds−n(mod 8) n = 0 1 2 3 4 5 6 7
s = 0 6D0 6D7 6D6 6D5 6D4 6D3 6D2 6D1
1 6D1 6D0 6D7 6D6 6D5 6D4 6D3 6D2
2 6D2 6D1 6D0 6D7 6D6 6D5 6D4 6D3
3 6D3 6D2 6D1 6D0 6D7 6D6 6D5 6D4
4 6D4 6D3 6D2 6D1 6D0 6D7 6D6 6D5
5 6D5 6D4 6D3 6D2 6D1 6D0 6D7 6D6
6 6D6 6D5 6D4 6D3 6D2 6D1 6D0 6D7
7 6D7 6D6 6D5 6D4 6D3 6D2 6D1 6D0
C. Index theorem for Clk-Dirac operators
If the Dirac bundle S is the Clifford bundle on M , then the Dirac operator D corresponds to the Hodge-de Rham
operator and its square D2 = ∆ is the Hodge Laplacian. The differential forms that are in the kernel of the Hodge
Laplacian are called harmonic forms. Similarly, if S is the spinor bundle on M , then D is the usual Dirac operator
8on spinors and the spinors that are in the kernel of D, namely the spinors that satisfy Dψ = 0, are called harmonic
spinors since ker D = ker D2 for any compact Riemannian manifold M . These definitions can be extended to the
case of Clk-Dirac operators and we denote the kernel of 6Dk, that is the harmonic space, as Hk = ker 6Dk.
Now, we consider the index theorem for Clk-Dirac operators. The analytic index of 6Dk defined in (21) can be written
in terms of the dimension of the harmonic space Hk and characteristic classes of the bundle [24]. The Atiyah-Singer
index theorem for 6Dk gives the following equality
ind(6Dk) =

dimCHk(mod 2), for k ≡ 1 (mod 8)
dimHHk(mod 2), for k ≡ 2 (mod 8)
1
2 Â(M), for k ≡ 4 (mod 8)
Â(M), for k ≡ 0 (mod 8)
(22)
where dimC and dimH denote the complex and quaternionic dimensions, respectively. Â(M) is the Â-genus of the
manifold M and it is defined as a power series expansion
Â(M) =
n∏
i=1
xi/2
sinh(xi/2)
. (23)
It can be written in terms of the Pontrjagin classes pi as follows
Â(M) = 1− 1
24
p1 +
1
5760
(
7p21 − 4p2
)
+
1
967680
(−31p31 + 44p1p2 − 16p3)+ ... (24)
Â-genus is an integer number for compact manifolds and it is an even integer for the dimensions 4(mod 8). So, the
index of 6Dk takes values in Z2 for k ≡ 1 and 2(mod 8) and in Z for k ≡ 0 and 4(mod8).
Then, we can write the table of Cl∗s−n-Dirac operators in subsection 4.B in terms of the index of Cl
∗
s−n-Dirac
operators in the following way
ind(6Ds−n(mod 8)) n = 0 1 2 3 4 5 6 7
s = 0 Â(M) 0 0 0 12 Â(M) 0 dimHHk dimCHk
1 dimCHk Â(M) 0 0 0
1
2 Â(M) 0 dimHHk
2 dimHHk dimCHk Â(M) 0 0 0
1
2 Â(M) 0
3 0 dimHHk dimCHk Â(M) 0 0 0
1
2 Â(M)
4 12 Â(M) 0 dimHHk dimCHk Â(M) 0 0 0
5 0 12 Â(M) 0 dimHHk dimCHk Â(M) 0 0
6 0 0 12 Â(M) 0 dimHHk dimCHk Â(M) 0
7 0 0 0 12 Â(M) 0 dimHHk dimCHk Â(M)
The Atiyah-Singer index theorem in (22) attaches different topological invariants to Cl∗k-Dirac operators 6Dk for
different values of k. This means that we have non-trivial topological classes for different values of s and n which have
non-zero index. For the cases of zero index, there are only trivial classes. In that way, we obtain a table of topological
equivalence classes of Cl∗k-Dirac bundles from the Clifford chessboard by using the index theorems.
D. Relation with KO-groups
The Dirac operator D on a real Dirac bundle is a self-adjoint operator with finite dimensional kernel and cokernel.
So, it is an element of the set of real Fredholm operators FR. The index of Fredholm operators is constant on connected
components of FR and we have the following isomorphism
ind : π0(FR)
≃−→ Z (25)
Moreover, FR is a classifying space for KO-groups. The stable equivalence classes of real vector bundles on a manifold
M are characterized by KO-groups and they are real equivalences of the K-groups of complex vector bundles. For a
Haussdorf space X , index map defines an isomorphism [24]
ind : [X,FR] −→ KO(X) (26)
9where [X,FR] denotes the homotopy classes of maps between X and FR and KO(X) is the KO-group on X that
classifies the stably equivalent real vector bundles on X . So, this gives an isomorphism between the homotopy groups
of FR and the KO-groups at the point
ind : πk(FR)
≃−→ KO−k(pt) ≡ K˜O(Sk) (27)
where KO−k(X) is equivalent to the reduced KO-group of k-fold suspension ΣkX of X ; KO−k(X) ≡ K˜O(ΣkX).
The reduced KO-group K˜O(X) is defined as the kernel of the map KO(X) −→ KO(pt) ∼= Z and KO(pt) is the
KO-group at the point. Since the k-fold suspension of the point is equivalent to the k-sphere Σk(pt) ≡ Sk, we have
KO−k(pt) ≡ K˜O(Sk).
Let us denote the subset of Fredholm operators which are Z2-graded, Clk-linear and self-adjoint as Fk. Then, the
index of the operators in Fk is constant on connected components of Fk
ind : π0(Fk) −→ KO−k(pt)
So, Fk is a classifying space for KO
−k and for a Haussdorf space X and for any k, there is an isomorphism
ind : [X,Fk] −→ KO−k(X)
This means that the index of the Clk-Dirac operator 6Dk takes values in the group KO−k(pt) and we can write the
table of the index of Cl∗s−n-Dirac operators in subsection 4.C as the table of KO
−(s−n)(pt) groups
KO−(s−n)(mod 8)(pt) n = 0 1 2 3 4 5 6 7
s = 0 KO(pt) KO−7(pt) KO−6(pt) KO−5(pt) KO−4(pt) KO−3(pt) KO−2(pt) KO−1(pt)
1 KO−1(pt) KO(pt) KO−7(pt) KO−6(pt) KO−5(pt) KO−4(pt) KO−3(pt) KO−2(pt)
2 KO−2(pt) KO−1(pt) KO(pt) KO−7(pt) KO−6(pt) KO−5(pt) KO−4(pt) KO−3(pt)
3 KO−3(pt) KO−2(pt) KO−1(pt) KO(pt) KO−7(pt) KO−6(pt) KO−5(pt) KO−4(pt)
4 KO−4(pt) KO−3(pt) KO−2(pt) KO−1(pt) KO(pt) KO−7(pt) KO−6(pt) KO−5(pt)
5 KO−5(pt) KO−4(pt) KO−3(pt) KO−2(pt) KO−1(pt) KO(pt) KO−7(pt) KO−6(pt)
6 KO−6(pt) KO−5(pt) KO−4(pt) KO−3(pt) KO−2(pt) KO−1(pt) KO(pt) KO−7(pt)
7 KO−7(pt) KO−6(pt) KO−5(pt) KO−4(pt) KO−3(pt) KO−2(pt) KO−1(pt) KO(pt)
Since the KO-groups of the point is given as in the following table
k 0 1 2 3 4 5 6 7
KO−k(pt) Z Z2 Z2 0 Z 0 0 0
we obtain the table of KO−(s−n)(pt) groups as
KO−(s−n)(mod 8)(pt) n = 0 1 2 3 4 5 6 7
s = 0 Z 0 0 0 Z 0 Z2 Z2
1 Z2 Z 0 0 0 Z 0 Z2
2 Z2 Z2 Z 0 0 0 Z 0
3 0 Z2 Z2 Z 0 0 0 Z
4 Z 0 Z2 Z2 Z 0 0 0
5 0 Z 0 Z2 Z2 Z 0 0
6 0 0 Z 0 Z2 Z2 Z 0
7 0 0 0 Z 0 Z2 Z2 Z
and this is compatible with the fact that the index of 6Dk takes values in Z and Z2 as stated in subsection 4.C.
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E. Isomorphism between KO-groups and Grothendieck groups
Now, we consider the Atiyah-Bott-Shapiro (ABS) isomorphism which relates KO-groups with the real representa-
tions of Clifford algebras [26]. Let us denote the group of equivalence classes of irreducible real representations of Clk
as Mk which is called the Grothendieck group. This is the free abelian group generated by the distinct irreducible
representations over R. For different values of k, we have the Grothendieck groups as in the following table [24]
k 0 1 2 3 4 5 6 7
Clk R C H H⊕H H(2) C(4) R(8) R(8)⊕ R(8)
Mk Z Z Z Z⊕ Z Z Z Z Z⊕ Z
The inclusion i : Rk →֒ Rk+1 given by i(x1, ..., xk) = (x1, ..., xk, 0) induces an algebra homomorphism i∗ : Clk −→
Clk+1. By restricting the action from Clk+1 to Clk, we obtain the homomorphism i
∗ : Mk+1 −→ Mk. So, we
can define the groups Mk/i
∗Mk+1. In this quotient group, a representation that can be obtained by restricting a
representation of Clk+1 to Clk is equivalent to zero. Similarly, the Grothendieck group of real Z2-graded modules
over Clk is denoted by M̂k and there is the natural isomorphism M̂k = Mk−1 that comes from (13). This implies the
following isomorphism
M̂k/i
∗M̂k+1 ∼= Mk−1/i∗Mk
From the groups Mk defined in the above table, we obtain
M̂k/i
∗M̂k+1 ∼=

Z, for k ≡ 0 or 4(mod 8)
Z2, for k ≡ 1 or 2(mod 8)
0, otherwise
(28)
where the Z groups arise when Mk−1 correspond to Z ⊕ Z and the Z2 groups arise when the dimension of the
representation of Clk is double of the dimension of the representation of Clk−1 [11]. The graded tensor product of
modules gives a multiplication in M̂k/i
∗M̂k+1 and this defines the graded ring M̂∗/i
∗M̂∗+1 ≡
⊕
k≥0 M̂k/i
∗M̂k+1.
ABS isomorphism defines an isomorphism between the KO-groups at the point and the quotients of Grothendieck
groups in the following way
φ : M̂∗/i
∗M̂∗+1
≃−→ KO−∗(pt)
This can easily be seen from the definitions in this and previous subsections. So, we can write the table ofKO−(s−n)(pt)
groups in subsection 4.D as the table of M̂s−n/i
∗M̂s−n+1 groups as follows
M̂s−n(mod 8)/i
∗M̂s−n+1(mod 8) n = 0 1 2 3 4 5 6 7
s = 0 Z 0 0 0 Z 0 Z2 Z2
1 Z2 Z 0 0 0 Z 0 Z2
2 Z2 Z2 Z 0 0 0 Z 0
3 0 Z2 Z2 Z 0 0 0 Z
4 Z 0 Z2 Z2 Z 0 0 0
5 0 Z 0 Z2 Z2 Z 0 0
6 0 0 Z 0 Z2 Z2 Z 0
7 0 0 0 Z 0 Z2 Z2 Z
and the Clifford chessboard in section 3 turns into the table of quotients of Grothendieck groups.
F. From Grothendieck groups to symmetric spaces
KO-groups and Grothendieck groups are in relation with Cartan symmetric spaces through their connected com-
ponents. If we consider the following sequence of groups
O(16n) −→ U(8n) −→ Sp(4n) −→ Sp(2n)× Sp(2n) −→ Sp(2n) −→ U(2n) −→ O(2n) −→ O(n) ×O(n) −→ O(n)
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and denote every element in the sequence by Gi, then the coset spaces Ri ≡ Gi/Gi+1 correspond to the eight of ten
symmetric spaces of Cartan. These symmetric spaces and the groups that give their connected components are given
as follows [11]
Ri symmetric spaces π0(Ri)
R0 O(2n)/O(n) ×O(n) Z
R1 O(n)×O(n)/O(n) Z2
R2 O(2n)/U(n) Z2
R3 U(2n)/Sp(n) 0
R4 Sp(2n)/Sp(n)× Sp(n) Z
R5 Sp(n)× Sp(n)/Sp(n) 0
R6 Sp(n)/U(n) 0
R7 U(n)/O(n) 0
As can be seen from the last column of the table, the connected components of the symmetric spaces are in one-to-
one correspondence with KO-groups at the point and hence to the Grothendieck groups. Indeed, Cartan symmetric
spaces correspond to the classifying spaces of vector bundles and we have the following isomorphism for a Haussdorf
space X
KO−k(X) ∼= [X,Rk]
and so
KO−k(pt) ∼= π0(Rk).
From the ABS isomorphism in subsection 4.E, we also have
M̂k/i
∗M̂k+1 ∼= π0(Rk).
Hence, we can write the table of the quotients of Grothendieck groups in subsection 4.E in terms of the connected
components of the symmetric spaces as follows
π0(Rs−n(mod 8)) n = 0 1 2 3 4 5 6 7
s = 0 π0(R0) π0(R7) π0(R6) π0(R5) π0(R4) π0(R3) π0(R2) π0(R1)
1 π0(R1) π0(R0) π0(R7) π0(R6) π0(R5) π0(R4) π0(R3) π0(R2)
2 π0(R2) π0(R1) π0(R0) π0(R7) π0(R6) π0(R5) π0(R4) π0(R3)
3 π0(R3) π0(R2) π0(R1) π0(R0) π0(R7) π0(R6) π0(R5) π0(R4)
4 π0(R4) π0(R3) π0(R2) π0(R1) π0(R0) π0(R7) π0(R6) π0(R5)
5 π0(R5) π0(R4) π0(R3) π0(R2) π0(R1) π0(R0) π0(R7) π0(R6)
6 π0(R6) π0(R5) π0(R4) π0(R3) π0(R2) π0(R1) π0(R0) π0(R7)
7 π0(R7) π0(R6) π0(R5) π0(R4) π0(R3) π0(R2) π0(R1) π0(R0)
However, the homotopy groups of symmetric spaces have the property πn(Rk) = πn+1(Rk−1), so we have
π0(Rs−n(mod 8)) = π8−n(mod 8)(Rs)
and the table turns into
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π8−n(mod 8)(Rs) n = 0 1 2 3 4 5 6 7
s = 0 Z 0 0 0 Z 0 Z2 Z2
1 Z2 Z 0 0 0 Z 0 Z2
2 Z2 Z2 Z 0 0 0 Z 0
3 0 Z2 Z2 Z 0 0 0 Z
4 Z 0 Z2 Z2 Z 0 0 0
5 0 Z 0 Z2 Z2 Z 0 0
6 0 0 Z 0 Z2 Z2 Z 0
7 0 0 0 Z 0 Z2 Z2 Z
This shows that every row in the table denoted by s corresponds to a Cartan symmetric space Rs and every column
denoted by n corresponds to the (8− n)th homotopy group of the symmetric space.
G. From symmetric spaces to periodic table
Eight symmetric spaces defined in the previous subsection are in one-to-one correspondence with the extensions of
some real Clifford algebras. By starting with a real Clifford algebra and answering the question how many different
types of generators can be added to the existing ones gives the symmetric spaces [20]. The symmetric spaces and
corresponding Clifford algebra extensions are given as follows
Ri Extension
R0 Cl0,2 −→ Cl1,2
R1 Cl1,2 −→ Cl1,3
R2 Cl0,2 −→ Cl0,3
R3 Cl0,3 −→ Cl0,4
R4 Cl2,0 −→ Cl3,0
R5 Cl3,0 −→ Cl3,1
R6 Cl2,0 −→ Cl2,1
R7 Cl2,1 −→ Cl2,2
These Clifford algebras and their generators can be represented by some symmetry transformations of fermionic
Hamiltonians. They are constructed in terms of the time-reversal operator T and the charge-conjugation operator
C of free fermion Hamiltonians. The extension problem of Clifford algebras can be described by the addition of the
free-fermion Hamiltonian H to the existing Clifford algebra generators constructed out of T and C [20]. By defining
S = TC as the chiral symmetry operator and considering the fact that T 2 and C2 can have values ±1, the table
of symmetric spaces turns into the Altland-Zirnbauer symmetry classes of free fermion Hamiltonians [16]. So, the
table of homotopy groups of symmetric spaces in subsection 4.F gives the periodic table of topological insulators and
superconductors for real classes
label T C S 0 1 2 3 4 5 6 7
AI 1 0 0 Z 0 0 0 Z 0 Z2 Z2
BDI 1 1 1 Z2 Z 0 0 0 Z 0 Z2
D 0 1 0 Z2 Z2 Z 0 0 0 Z 0
DIII −1 1 1 0 Z2 Z2 Z 0 0 0 Z
AII −1 0 0 Z 0 Z2 Z2 Z 0 0 0
CII −1 −1 1 0 Z 0 Z2 Z2 Z 0 0
C 0 −1 0 0 0 Z 0 Z2 Z2 Z 0
CI 1 −1 1 0 0 0 Z 0 Z2 Z2 Z
Here we rename the symmetric spaces with their Cartan labels, 1 and −1 denotes the squares of the existent
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symmetries and 0 denotes the absence of the symmetries. The columns correspond to the spatial dimension of
the defined free-fermion Hamiltonian and Z and Z2 groups give the non-trivial topological phases in the relevant
dimensions and symmetry classes.
V. COMPLEX CLIFFORD BUNDLES AND COMPLEX CLASSES
In this section, by considering the vector bundles whose fibers corresponding to complex Clifford algebras, we will
obtain the classification of complex classes of topological phases.
Let us start with Clk-Dirac bundles. Since the complex Clifford algebras have two-fold periodicity as stated in (16),
it is enough to consider Clk(mod 2). So, we can transform the 2× 2 table of complex Clifford algebras to the table of
Cls−n(mod 2)-Dirac bundles with s, n = 0, 1
Cls−n(mod 2) n = 0 1
s = 0 Cl0 Cl1
1 Cl1 Cl0
The pattern repeats itself for bigger values of s and n because of the two-fold periodicity. Similar to the real case,
we can define Clk-Dirac operators 6Dk on those bundles and construct the following table
6Ds−n(mod 2) n = 0 1
s = 0 6D0 6D1
1 6D1 6D0
The index theorem for Clk-Dirac operators relates the analytic index of 6Dk with the topological invariants of the
manifold. We have the following equality for the complex case
ind(6Dk) =
{
Td(M), for k even
0, for k odd
(29)
where Td(M) denotes the Todd class and it is defined in terms of a power series expansion as
Td(M) =
n∏
i=1
xi
1− e−xi (30)
It can be written in terms of the Chern classes ci as
Td(M) = 1 +
1
2
c1 +
1
12
(
c21 + c2
)
+
1
24
c1c2 + ... (31)
Todd class is an integer number and the index of 6Dk takes integer values for k even and 0 otherwise. Then, we can
write the table of Clk-Dirac operators in terms of the index of 6Dk as follows
ind
(6Ds−n(mod 2)) n = 0 1
s = 0 Td(M) 0
1 0 Td(M)
The Dirac operator 6D on a complex Dirac bundle is an element of the set of complex Fredholm operators FC and FC
is a classifying space for K-groups of complex vector bundles. For a Haussdorf space X , index defines an isomorphism
ind : [X,FC] −→ K(X)
Then, we have the isomorphism between the homotopy groups of FC and the K-groups at the point
ind : πk(FC) −→ K−k(pt) ≡ K˜(Sk)
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By similar reasoning as in the real case, the set Fk of Fredholm operators which are Z2-graded, Clk-linear and
self-adjoint is a classifying space for K−k and we have the isomorphism
ind : [X,Fk] −→ K−k(X)
So, the index of Clk-Dirac operators 6Dk takes values in the group K−k(pt) and we have the table
K−(s−n)(mod 2)(pt) n = 0 1
s = 0 K(pt) K−1(pt)
1 K−1(pt) K(pt)
where the K-groups of the point are given as
K(pt) = Z , K−1(pt) = 0
and the table transforms into
K−(s−n)(mod 2)(pt) n = 0 1
s = 0 Z 0
1 0 Z
ABS isomorphism relates the K-groups with the complex representations of Clifford algebras similar to the real
case. We denote the group of equivalence classes of irreducible complex representations of Clk as M
C
k . For different
values of k, the groups are given as
k 0 1
Clk C C⊕ C
MCk Z Z⊕ Z
and for M̂Ck = M
C
k−1, the quotient groups correspond to
M̂Ck/i
∗M̂Ck+1
∼=
{
Z, for k even
0, for k odd
(32)
ABS isomorphism defines an isomorphism between the K-groups at the point and the quotients M̂C∗ /i
∗M̂C∗+1 =⊕
k≥0 M̂
C
k/i
∗M̂Ck+1 as follows
φ : M̂C∗ /i
∗M̂C∗+1 −→ K−∗(pt)
So, we can write the table of K-groups as
M̂Cs−n(mod 2)/i
∗M̂Cs−n+1(mod 2) n = 0 1
s = 0 Z 0
1 0 Z
The quotients of complex Grothendieck groups are also related to the Cartan symmetric spaces. By considering
the following groups
U(2n) −→ U(n)× U(n) −→ U(n)
one can see that the quotients of them correspond to Cartan symmetric spaces and the connected components of them
are given as follows
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Ci symmetric spaces π0(Ci)
C0 U(2n)/U(n)× U(n) Z
C1 U(n)× U(n)/U(n) 0
These symmetric spaces are classifying spaces of complex vector bundles and we have the following isomorphism
for a Haussdorf space X
K−k(X) ∼= [X,Ck]
and
K−k(pt) ∼= π0(Ck)
so, from the ABS isomorphism
M̂Ck/i
∗M̂Ck+1
∼= π0(Ck)
we can write the table of Grothendieck groups in terms of the connected componenets of the symmetric spaces
π0(Cs−n(mod 2)) n = 0 1
s = 0 π0(C0) π0(C1)
1 π0(C1) π0(C0)
From the property π0(Cs−n(mod 2)) = π2−n(mod 2)(Cs), the table is written as
π2−n(mod 2)(Cs) n = 0 1
s = 0 Z 0
1 0 Z
and the rows correspond to Cartan symmetric spaces and the columns are the (2 − n)th homotopy group of the
symmetric space. As in the real case, the relations between symmetric spaces and complex Cliffrod algebra extensions
given in the following table can be used in the transformation of the table of homotopy groups
Ci Extension
C0 Cl0 −→ Cl1
C1 Cl1 −→ Cl2
Then, the symmetric space C0 corresponds to adding the free-fermion Hamiltonian H with no extra symmetries
and C1 is the symmetric space of the extension of H with a chiral symmetry S. These Clifford algebra extensions are
equivalent to A and AIII symmetry classes in the Altland-Zirnbauer classification and we have the periodic table of
topological insulators for complex classes
label T C S 0 1
A 0 0 0 Z 0
AIII 0 0 1 0 Z
This completes the derivation of the periodic table of complex classes from the Clifford chessboard and index
theorems. Because of the two-fold periodicity of complex Clifford algebras, we can extend the above table periodically
and obtain the full periodic table of topological insulators and superconductors by combining with the real classes as
follows
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label T C S 0 1 2 3 4 5 6 7
A 0 0 0 Z 0 Z 0 Z 0 Z 0
AIII 0 0 1 0 Z 0 Z 0 Z 0 Z
AI 1 0 0 Z 0 0 0 Z 0 Z2 Z2
BDI 1 1 1 Z2 Z 0 0 0 Z 0 Z2
D 0 1 0 Z2 Z2 Z 0 0 0 Z 0
DIII −1 1 1 0 Z2 Z2 Z 0 0 0 Z
AII −1 0 0 Z 0 Z2 Z2 Z 0 0 0
CII −1 −1 1 0 Z 0 Z2 Z2 Z 0 0
C 0 −1 0 0 0 Z 0 Z2 Z2 Z 0
CI 1 −1 1 0 0 0 Z 0 Z2 Z2 Z
VI. CONCLUSION
Periodic table of topological insulators and superconductors is a direct result of the classification of Clifford alge-
bras. We show that the topological classes in various dimensions can be obtained from the index theorems of Dirac
operators defined on Clifford bundles. This result reveals the fact that the topological invariants defined for different
topological classes are related to the topological index of relevant Dirac operators. Z- and Z2-invariants such as Chern
numbers, winding numbers, Kane-Mele and Chern-Simons invariants correspond to the topological index classes of
Dirac operators in relevant dimensions and symmetry classes. So, the classification of topological phases of matter
arises from algebra and topology.
The characterization of topological phases by index theorems gives also meaning to the connections between quan-
tum field theory and gravitational anomalies and topological states of matter. Since the local gauge, gravitational
and mixed anomalies are intimately related to the index theorems, they can be used to construct analogies with the
periodic table of topological matter [27, 28]. Moreover, the approach given in the paper may also have implications on
the case of topological phases with more unitary symmetries such as space symmetries. The relations between Clif-
ford chessboard, index theorems and symmetry protected topological phases are worth to investigate for the complete
classification of topological matter.
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